The effect of porosity on the constitutive response of an isotropic linearly viscoelastic solid that obeys a constitutive law of the standard differential form is investigated under small strain deformation conditions. The correspondence principle of linear viscoelasticity is used to solve the viscoelastic boundary value problem at a unit cell containing a spherical void and loaded axisymmetrically by macroscopic stresses. The results are used to devise a constitutive potential for the description of the porous material for any arbitrary combination of hydrostatic and deviatoric loadings, and the associated 3-D constitutive relationship is determined in the Laplace transform domain. Inversion to the time domain yields the constitutive law of the porous material as a function of porosity in the standard form of convolution integrals. The presence of porosity establishes relaxation time scales for the porous body that differ from the relaxation time of the pure matrix material and brings about a viscous character to the overall hydrostatic response. The numerical implementation of the model in a general purpose finite element code is outlined. The model is used to predict the response of a porous solid propellant material in uniaxial tension and cyclic loading at room temperature.
Introduction
The objective of this work is to describe the effect of porosity on the constitutive response of a linearly visocelastic matrix material obeying a differential constitutive relationship. In polymer materials and polymer-matrix composite materials, microvoids may arise during the fabrication or aging process. By way of example, microvoid formation was observed during the curing process of epoxy raisins (Eom et al., 2001a (Eom et al., , 2001b , compression moulding of glass mat thermoplastics (Nilsson et al., 2002) , manufacture of solid propellants (Cohen, 1960; Rao, 1992; Gent and Park, 1984; Oberth and Bruenner, 1965) , drawing of filled polyester films (Nevalainen et al., 2005) , injection molding of reinforced polymeric composites (Smith and Weitsman, 1998) , and aging of graphite-fabric reinforced epoxy composites (Birger et al., 1989) and filled polyurethane (Trong Ming et al., 1991) . The presence of voids alters the viscoelastic properties of the material; examples are the dynamic and relaxation moduli of foamed elastomers (Park et al., 2003) and the relaxation moduli of porous latex/PS-bead composites (Alberola et al., 1995) . Development of quantitative constitutive models for porous viscoelastic media is a prerequisite for the modeling and simulation of the mechanical response of such materials under load (Harvey and Cebon, 2003; Thomason and Groenewoud, 1996) .
The general framework of the homogenization theory for periodic composite materials with a linearly viscoelastic matrix obeying a constitutive law of the differential form is outlined in the works of Francfort et al. (1983) , Francfort and Suquet (1986) , and Suquet (1987) . In particular, these authors demonstrated that constituents with "short memory" response of the differential type yield a homogenized response characterized by "long memory effect", that is, of hereditary type. Self similar and transient void growth in a viscoelastic matrix characterized constitutively by a differential relation was studied by Weng (1990, 1993) under axisymmetric uniaxial tension and small strain deformation. The approach was by extension of the Mori and Tanaka (1973) field theory for an elastic composite to viscoelastic media through the correspondence principle of linear viscoelasticity. The analysis was based on the assumption that the Poisson's ratio in the corresponding elastic problem and in the viscoelastic problem was the same. This way the authors treated the Eshelby tensor needed in their calculations as independent of time. Under the same assumption, Weng (1995a, 1995b) calculated the stress-strain response of the viscoelastic medium in uniaxial tension. An interesting result of this work is that changes of the void shape and fraction are strain-rate independent and depend only on the strain. The same methodology and assumptions were also used by the same authors Weng, 1995a, 1995b) to predict the response of the porous medium under axisymmetric loading at various degrees of triaxiality.
The present paper addresses the constitutive response of a porous viscoelastic medium by analyzing the response of a unit cell containing a spherical void under macroscopic axisymmetric stressing. In view of the complexity of the calculations, the pure matrix material is assumed to be described by the standard isotropic linear viscoelastic model (Christensen, 1982) . The analysis is based on a small strain formulation and this is the reason why no shape changes of the void were considered during deformation. In addition, the model does not address interaction between voids and therefore it applies only to dilute cases. On the basis of the methodology established by Sofronis and McMeeking (1992) for the constitutive description of porous creeping solids and with the use of the correspondence principle of linear viscoelasticity, a constitutive potential is determined analytically for the response of the porous medium in the transformed domain for any combination of hydrostatic and deviatoric loads. By inverting the associated constitutive equation from the Laplace transform domain, the time-dependent response of the porous medium under time-dependent loads is established. It is emphasized that apart from the axisymmetry of the unit cell no other assumptions were made regarding the calculations. The influence of voids on the intrinsic time scales of viscoelasticity of the voided material is examined and quantitatively described.
The paper is organized as follows: In Section 2, the viscoelastic problem of the unit cell is described and the solution of the corresponding viscoelastic problem is obtained from the corresponding 3-D elastic fields of the cell under axisymmetric straining. In Section 3, a macroscopic constitutive potential for the corresponding problem is calculated and the associated constitutive relationship is determined. In Section 4, the parameters of the calculated constitutive relationship are calibrated by matching the model predictions of shear relaxation with experimental data. The model is then used to predict propellant material response under constant strain rate uniaxial tension and cyclic loading. Section 5 describes the numerical implementation of the constitutive model for the porous medium into ABAQUS through a user material routine UMAT.
Unit cell: the viscoelastic problem
The response of a porous viscoelastic solid is modeled in the unit cell shown in Fig. 1 . The inner radius of the spherical shell is a, the outer radius b, and hence the porosity of the cell is D = (a/b) 3 . The cell is loaded by principal macroscopic axisymmetric stresses Σ 11 = Σ 22 = T , and Σ 33 = S on the outer boundary ρ = b. To account for the fact that the void may be embedded in a particle-reinforced viscoelastic matrix the viscoelasticity of the matrix material is modeled by a Maxwell element in parallel to a spring as shown in Fig. 2 . As will be discussed in the concluding Section 6, the constitutive methodology to be presented in this work can be applied to matrix material models of hereditary type which are more pertinent to real world material response. The three-element model shown in Fig. 2 was adopted for the sake of simplicity in the calculations. Spring p has shear and bulk moduli μ p and K p respectively, and spring v has moduli μ v and K v . The parameter η having units of stress multiplied by time is a damping viscosity constant used in the standard differential model to describe the viscosity of the material, and τ = η/(2μ v ) is the time constant of the system. The overall constitutive response of the matrix material is stated as N :ε + P : ε = T :σ + Q : σ (1) Fig. 1 . The unit cell model in an axisymmetric state of macroscopic stress with Cartesian (x 1 , x 2 , x 3 ), spherical (ρ, θ, ϕ), and cylindrical (r, ϕ, x 3 ) coordinate systems centered at the void. where ε is the infinitesimal strain tensor equal to the symmetric part of the displacement gradient, σ is the stress, a superposed dot denotes differentiation with respect to time ("material derivative"),
is the fourth order viscosity tensor, I is the symmetric fourth order identity tensor with Cartesian components I ij kl = (δ ik δ jl + δ jk δ il )/2, δ ij is the Kronecker delta,
is the fourth order time constant tensor, J = δδ/3 is the hydrostatic part of the identity tensor I, δ is the second order identity tensor, K = I − J is the deviatoric part of the identity tensor I,
A : B = A ij kl B kl where A and B are respectively fourth and second order tensors, and the summation convention is implied over a repeated index. At time t = 0, the response of the matrix material is elastic and its constitutive equation is given described by
By virtue of N : ε 0 = T : σ 0 , the Laplace transform of Eq. (1) with respect to time yields
whereĀ(x, s) = ∞ 0 A(x, t)e −st dt for any tensor field A(x, t) function of position x and time t. Introducing Eqs. (2)- (5) into Eq. (7), one finds
where
are respectively the shear and bulk moduli in the "corresponding elastic problem". Then, according to Lee (1960) , the transformed viscoelastic operator corresponding to the expression for the Poisson's ratio is calculated through
It is emphasized that ν c as given by Eq. (10) is not the Laplace transform of a viscoelastic Poisson's ratio (Pipkin, 1986; Hilton, 2001 ). Due to symmetry, the solution to the corresponding elasticity boundary value problem for the domain shown in Fig. 1 is independent of the angle ϕ and can be obtained by the Papkovich-Neuber formulation (Luré, 1964) in spherical coordinates (ρ, θ, ϕ) under boundary conditions phrased in terms of the macroscopic stresses as
at ρ = b, and σ ρρ = σ ρθ = 0 at ρ = a. The elastic solution for the stresses and displacements for the matrix material has the form
where the indices α and β take the values (ρ, θ ) or (ϕ, ϕ), and a 0 , d 0 , a 2 , b 2 , c 2 , and d 2 are the only non-zero coefficients in the harmonic series solution and are given in Appendix A as functions of the principal axisymmetric tractions T and S applied on the outer boundary ρ = b, the shear modulus μ, and the Poisson's ratio ν. By the correspondence principle of linear viscoelasticity, the Laplace transform of the solution to the viscoelastic problem is expressed as follows: the general purpose finite element program ABAQUS with a "user subroutine" (UMAT) incorporating the constitutive model described by Eqs. (1)-(5). In the case of purely hydrostatic loading and p independent of time, the analytical viscoelastic solution for the stresses is given by
and for the displacements by
where t is time. The finite element calculations were carried out for p = 206 MPa and with material data for a polymeric epoxy resin (Bardenhagen et al., 1997) :
The agreement between the analytical and finite element graphs for the stresses σ ρρ , σ θθ , and displacement u ρ when plotted as functions of the radius ρ was excellent. In the case of purely deviatoric loading with S = −2T and T constant independent of time, Figs. 3 and 4 show respectively the normalized stress σ ρρ /T and normalized displacement u ρ /u ρ (a) plotted as functions of the normalized radius (ρ/a) 3 of the cell. Displacement u ρ (a) is the displacement at the inner cell wall. Again, the agreement is excellent. The analytical and finite element elastic solutions at time t = 0 shown in these figures were also identical.
Constitutive potential
The macroscopic constitutive response of a porous linear viscoelastic medium can be described through a potential function as follows: The principle of virtual work in terms of transformed viscoelastic parameters is stated as where dT is a statically admissible transformed increment to the tractions applied on the bounding surface S of a body occupying volume V , dσ is the corresponding statically admissible transformed increment to the stress field,ū andε are respectively the transformed solutions for the displacements and strains under tractionT, and A : B = A ij B ij for any second order tensors A and B. It should be pointed out that Eq. (19) expresses virtual equilibrium in terms of the transformed equilibrium and strain-displacement equations in the Laplace domain. Consider now the case in which T = Σn where Σ is a macroscopic stress independent of position on the surface S and n is the outward unit normal. When the tractions are incremented by dT = dΣn, the internal stresses are incremented by dσ . Following Hill (1967) and Duva and Hutchinson (1984) and using Eq. (19), one obtains
where the components of the macroscopic strain tensor E are defined through the displacements on the external boundary S as
From Eq. (8) it is readily seen that dσ :ε = dφ, whereφ = 
and soĒ
As Cocks (1989) has shown, this potential function is useful for presenting numerical results for cell calculations. The constitutive response of the porous viscoelastic material can be presented by contours of constantΦ in the stress space. Using the principle of virtual work (19) with fields dT and dσ replaced correspondingly by fieldsT andσ , one can readily show that
Having the transformed solutionū to the viscoelastic problem with macroscopic tractionsΣn, one can determine from Eq. (21) the macroscopic strain tensorĒ that arises in response toΣ , and then use Eq. (24) to calculate the potential functionΦ in terms ofΣ . It should be noted that in view of the linearity of the problem,Ē is in general of the formĒ = R :Σ andΦ = (1/2)Σ : R :Σ , where R is a fourth order tensor independent ofΣ (Suquet, 1987) , i.e., Φ is quadratic inΣ. The isotropy of the problem implies that the general form ofΦ is of the typē
whereΣ e = 3Σ ijΣ ij /2,Σ is the transformed macroscopic stress deviator,Σ m =Σ kk /3 is the transformed macroscopic mean stress, and dimensionless parameters A and B are independent ofΣ. It is emphasized at this point that no restriction is placed on the type of macroscopic loading regarding the applicability of Eq. (25). The parameters A and B are independent ofΣ and can be determined by using the Laplace transform of the viscoelastic solution for the unit cell problem under any arbitrary macroscopic stress state Σ 11 = Σ 22 = T and Σ 33 = S. However, in view of the fact that the hydrostatic and deviatoric stress contributions to the elliptic form of Eq. (25) are separable, parameters A and B can be determined by considering two special load cases: hydrostatic for the calculation of B and purely deviatoric for A.
Evaluation of the potential in the unit cell
The potential is calculated in the case of the unit cell loaded by principal axisymmetric macroscopic stresses Σ 11 = Σ 22 = T , and Σ 33 = S on the outer boundary ρ = b (Fig. 1 ). Under these conditionsΣ e = |T −S| and Σ m = (2T +S)/3. In polar cylindrical coordinates (r, θ, z = x 3 ; see Fig. 1 ), Eq. (24) becomes
is the volume of the cell, and S = 4πb 2 is its outer bounding surface. Substituting the transformed viscoelastic displacementsū ρ andū θ as given by Eq. (15) into the equations above for the two special cases of purely hydrostatic (S = T ) and purely deviatoric (S = −2T ) loadings, one determines the dimensionless parameters A and B of the elliptical form (25) as follows: and
In the special case of purely hydrostatic loading (Σ m = Σ kk /3 = S = T = p) with p being independent of time, the potential can be evaluated also as follows: from Eq. (24) one findsΦ = 
of Eq. (18) evaluated at ρ = b and withΣ m = p/s gives
which is identical toΦ = BΣ 2 m /K, i.e., the second term of Eq. (25) if one replaces (a/b) 3 by D. For the general loading case, in view of the complexity of Eqs. (25) and (29)-(34), the potential was validated by comparing it to numerical solutions in whichΦ was evaluated numerically through Eq. (26) for various combinations of applied axisymmetric stresses S and T , i.e., various combinations of macroscopic hydrostatic vs. deviatoric loads. The macroscopic strainsĒ rr andĒ zz in Eq. (26) were evaluated from Eq. (27) in whichū r andū z were evaluated by taking the Laplace transform of the numerically (through ABAQUS) obtained viscoelastic solutions for u r and u z which were functions of time and position along the outer boundary of the unit cell. The contour plots of normalized constantΦ/(Kτ 2 ) values in stress space evaluated both numerically as described above and analytically through Eq. (25) are shown in Fig. 5 for time τ s = 1.0 and porosity D = 0.01. The agreement between the analytical and finite element contour plots is excellent.
Constitutive equation
The constitutive relationship for the porous viscoelastic solid is calculated from Eqs. (23) and (25) as follows: where for the case of axisymmetric loading the parameters A and B are given by Eqs. (29) and (30), respectively. Two special cases are considered in the following.
In the first special case of purely hydrostatic loading independent of time, Eq. (37) yields the transformed volumetric strainĒ v =Ē kk = 2BΣ m /K which in turn by inversion gives
and hence
is the initial elastic response at time t = 0. Note that, there is no viscous dilatation for the purely matrix material (D = 0) under hydrostatic loading. Prediction of the viscous dilatation as described by Eq. (39) as a function of time for various values of the porosity D were identical to those obtained numerically through ABAQUS.
In the second special case of uniaxial tension Eq. (37) yieldsΣ = 9KĒ/[2(9A + B)], where Σ is the axial stress in response to the axial strain E. Inversion of this equation at constant strain rateĖ =ε 0 , that is, withĒ =ε 0 /s 2 , provides the uniaxial tension response of the porous material. The result at strain ratesε 0 = 0.1 and 10.0 s −1 is shown plotted in Fig. 6 for three values of porosity D, namely 0, 0.01, and 0.10. The calculations were performed under the assumption that the porosity does not evolve upon straining. As expected, the viscoelastic effect is more pronounced at the smaller strain rate. In addition, the presence of porosity softens the material significantly. At applied strain of 0.6, the stress in the porous material is smaller by about 20% than that in the pure matrix regardless of the strain rate. The independence of this softening from the strain rate derives from the fact that the porosity was held constant.
To investigate the effect of changing porosity, one can describe the porosity changes with straining according to the rulė This equation can be integrated to yield an expression for the porosity D in terms of the volumetric strain E v = E kk :
where D 0 is the initial porosity at time t = 0 when E v = E 0 v . It should be emphasized though that the constitutive model developed herein is based on "linear kinematics", i.e., on the assumption that all spatial displacement gradients are "small" so that no distinction should be made between the deformed and undeformed configurations. In such cases, all components of the strain tensor are small and the variation of D with strain is minimal. However, the developed constitutive model can be used also in problems of finite strains, provided the principal stretching directions are fixed as the material deforms (e.g., uniaxial tension, hydrostatic loading, etc.); in such cases, E and Σ should be interpreted as the Eulerian logarithmic (true) strain and the Cauchy (true) stress respectively, and the variation of D can be substantial if the volumetric strain is finite.
The stress-strain (Σ, E) response of the porous material in uniaxial tension is governed byΣ = 9KĒ/[2(9A + B)] along withĒ kk = 3BĒ/(9A + B). In these equations, the porosity D varies with time as dictated by Eq. (41). Numerical integration and inversion furnishes the stress-strain curve of a porous material with an initial porosity D 0 = 0.10 as shown in Fig. 7 for straining at constant strain rateĖ = 10.0 s −1 . The evolution of the porosity D with straining is also shown in the figure. Clearly, when the void change is accounted for, the response is predicted to be much softer and nonlinear than when the porosity is kept fixed at its initial value.
Application: straining of solid propellants
Solid propellants are solid-fuel materials for rocket motors. They are particulate composites with an elastomeric matrix (Özüpek and Becker, 1992) whose response over strains less than about 8% is predominantly viscoelastic. Microvoids arise around the particles during fabrication or by aging or by long term slow chemical reactions (Cohen, 1960; Rao, 1992; Gent and Park, 1984; Oberth and Bruenner, 1965) . Holes may also form during straining whereby particles debond from the surrounding viscous matrix (Farris and Schapery, 1973; Farber and Farris, 1987; Vratsanos and Farris, 1993) , a phenomenon termed dewetting. Özüpek and Becker (1992) modeled the deviatoric response of a high-elongation solid propellant with the use of a hereditary integral weighed with a softening multiplier g in order to account for the damage effect due to particle dewetting from the matrix. The hydrostatic response was modeled through an effective nonlinear bulk modulus that accounted for the macroscopic compressibility due to damage. The model was very successful in reproducing constant strain rate uniaxial tension experiments.
In this section the constitutive model of Eq. (37) is used to reproduce the macroscopic relaxation under constant shear strain, the stress response in uniaxial tension under constant macroscopic strain rate, and the stress response in cyclic uniaxial tension observed experimentally by Becker (1992, 1997) at room temperature. Stressinduced damage in the solid propellant is simulated by the presence and evolution of porosity as dictated by Eq. (41). Obviously the initial value of the porosity D 0 at time t = 0 is an input parameter to the model, but its evolution is predicted on the basis of the local deformation and no assumptions or calibrations need be made. Of course, the model predictions are limited to small strains over which the matrix material does not undergo localized large deformations whereby the constitutive Eq. (8) is not valid. To proceed with comparisons of the present model predictions with the measurements from the experiments of Becker (1992, 1997) , one needs to (i) calibrate the material parameters D, μ p , μ v , K, τ of the present model, and (ii) numerically integrate the general constitutive Eq. (37) for implementation through a "user subroutine" (UMAT) in ABAQUS. Calibration is carried out through the shear relaxation test and the numerical integration of Eq. (37) is discussed in the following Section 5.
Calibration
The bulk modulus K of the matrix material is assumed equal to the propellant modulus. Under the assumption that no dewetting takes place in compression, the bulk modulus can be considered as reflecting the matrix-material's compressibility.
The calibration of the shear moduli μ p , μ v , and the time relaxation constant τ can only be done approximately since any real-world solid propellant material exhibits a relaxation response that is characterized by a collection of relaxation time constants and not by a single relaxation time constant as assumed in the differential constitutive relation of Eq. (1). The calibration is carried out by requiring that the shear relaxation response of the present model as predicted by Eq. (37) reproduce the corresponding response measured experimentally. At room temperature (∼ 70 F), the measured relaxation modulus is phrased as
where the superscript "exp" denotes experimental data, m is the number of relaxation time constants τ i , G exp i are the associated individual shear relaxation moduli, and G exp eq is the equilibrium shear relaxation modulus. For relaxation under constant shear strain, the constitutive law (37) yields
where the superscript "mod" denotes present model prediction. Since under shear the present model does not predict any changes in the volumetric response, one is consistent with the model by setting D = D 0 during relaxation. Thus for the given bulk modulus K, and for assumed values for the initial porosity D 0 and relaxation time τ , the moduli as given by Eqs. (42) and (43) were forced to be equal at short and long times, that is,
eq . These equations were solved with respect to μ p and μ v by Newton iteration which involved inversion of Eq. (43) in each iteration for the calculation of G mod (t).
Uniaxial tension under constant strain rate
The calibration procedure with the shear relaxation data from the work of Özüpek and Becker (1992) for a high elongation solid propellant yields: bulk modulus K of the matrix material equal to 3.447 GPa and values of μ p and μ for assumed initial porosities D 0 = 0.001, 0.01, and 0.1 and relaxation time constants τ = 0.006, 0.06, 0.6, and 6 s independent of the parameters τ and D 0 for D 0 less than 0.1. Therefore, one may conclude that for initial porosities less than 0.1, μ p = 0.929 MPa and μ = 3.604 MPa. It is noted that such levels of porosity ( 0.1) are close to the dilute limit for which the underlying assumption about small deformations and non-interacting voids in this work is relevant. Substituting these values into Eq. (43), one obtains by inversion the calibrated relaxation modulus as a function of time. The result is shown plotted in Fig. 8 for various values of assumed relaxation times τ and for initial porosities less than 0.1. In the same figure also superposed is the experimental result of Özüpek and Becker (1992) as given by Eq. (42) with m = 8. As has already been discussed, calibration for all times, 0 t ∞, is impossible. However, as can be seen from Fig. 8 , for time t 0.1 s the model predictions agree with the experimental relaxation curve very well when the relaxation time is taken τ = 0.305 s.
The simulation of the uniaxial tension straining was carried out at constant applied strain rate. The evolution of porosity as described by Eq. (41) was accounted for in the simulation. The comparison between the model predictions and the experimental data of Özüpek and Becker (1992) is shown in Fig. 9 for strains less than 10%, i.e., for the range over which the calibration of the relaxation response was satisfactory. At the high strain rate of 105 min −1 = 1.75 s −1 , the model prediction is remarkably away from the experimental measurement. This is explained by the fact that at such high strain rate (loading time 0.057 s) the response of the porous material is predominantly elastic if one considers that the smallest relaxation time of the porous material is 0.305 s. As is demonstrated in the next section, the porous material exhibits a viscoelastic response whose deviatoric component is characterized by three relaxation modes with corresponding times 0.305, 0.320, and 0.510 s, and the hydrostatic component is characterized by a relaxation time equal to 1.000 s. Therefore, no time is given to the viscous effects to bring about deformation at such fast strain rate of loading. Absence of viscous deformation causes the model response of the porous solid to be rather stiff. Hence, modeling of damage by porosity at the high strain rate of 105 min −1 = 1.75 s −1 is not a good mechanistic suggestion for the degradation of this high elongation propellant. However, at the lower strain rates of 0.25 min −1 = 4.2 × 10 −3 s −1 and 3.7 min −1 = 6.2 × 10 −2 s −1 , the model and experimental predictions compare better. Clearly, slow strain rates allow for viscous deformation which softens the response of the porous solid. Indeed, the respective loading time durations of 1.622 and 24.0 s are large compared to the relaxation times.
A very interesting result is that the porosity evolution during straining is almost identical for all three strain rates. Such independence of the dilatation from the strain rate has been also pointed out by Weng (1995a, 1995b) and has been the case in the experiments of Özüpek and Becker (1997) . As has been discussed the response under applied rate of 105 min −1 = 1.75 s −1 is elastic. Indeed, at this strain rate the test duration time 0.057 s is much smaller than the volumetric relaxation time of 1.0 s. On the other hand, viscous dilatation should be the case at strain rates of 0.25 min −1 and 3.7 min −1 given that the corresponding test duration times are 1.622 and 24.0 s, respectively. Also as shown by Fig. 9 , the hydrostatic stress at a given strain increases as the applied strain rate increases. The almost identical values of dilatation predicted for the three applied strain rates at a given strain may be explained by the fact that for a given porosity level the viscous dilatation is a nonlinearly increasing function of the hydrostatic stress at fixed strain rate and nonlinearly decreasing function of strain rate at fixed hydrostatic stress. So small strain rates with low corresponding hydrostatic stresses can give the same dilatation as large strain rates with high hydrostatic stresses.
Cyclic uniaxial tension
In order to test the model performance under cyclic loading conditions, the porous model was re-calibrated with the Space Shuttle redesigned solid rocket motor (RSRM) propellant (Özüpek and Becker, 1997) . The bulk modulus K of the matrix material is equal to 100 GPa. The calculated values of μ p and μ for assumed initial porosity D 0 = 0.01 and relaxation time constant τ = 0.01 s are 1.95 MPa and 31.6 MPa, respectively. Again, as with the high elongation propellant calibrated in the preceding subsection, the calibrated parameters were found independent of the initial porosity D 0 for D 0 now less than 0.01. The comparison of the shear relaxation as predicted by the model equation (42) with the experimental shear relaxation curve is shown plotted in Fig. 10 . Fig. 11 shows the comparison of the model predictions with the experimental curve for the uniaxial cyclic tensile test at the strain rate of 0.714/min and temperature (77 F) with strain cycles of 0.1 and 0.15. The model predicts the loading response satisfactorily. However, for the unloading paths, the model over-predicts the stress response. It is also observed that the loading and unloading model-predictions are symmetric. This is due to the fact that the porous model has only one damage mechanism, which is void growth or shrinkage. Even though the model and experiment agree over the loading paths, which means that void growth can be considered as a damage mechanism capable of reproducing the propellant response, the deviation between model predictions and experimental data upon unloading shows that void shrinkage perhaps is not the only microstructural damage parameter characterizing the propellant response during unloading. Incidentally, Özüpek and Becker (1997) used different damage functions to simulate loading and unloading response.
Inversion of the constitutive law: numerical implementation
To use the general constitutive Eq. (37) in the study of three-dimensional boundary value problems of porous viscoelastic materials one needs to transform it back in the real time domain. The deviatoric and hydrostatic components of Eq. (37) can be written as
where E is the macroscopic strain deviator, E v = E kk is the macroscopic volumetric strain, and the superscript "0" indicates the value at time t = 0. Inversion of Eq. (44) yields
and L −1 denotes inverse Laplace transform. The inversions of Eqs. (48) are carried out by first observing that
and τ 1 = τ . The parameters a 1 , b 1 , β 0 , β 1 , β 2 , β 3 , τ 2 , τ 3 are all complicated functions of D, μ p , μ v , K, and τ . The final result has the form
where f ∞ , f 1 , f 2 and f 3 are functions 1 of D, μ p , μ v , K, and τ through a 1 , b 1 , β 0 , β 1 , β 2 , β 3 , τ 2 , τ 3 ; and
Summarizing, we note that the constitutive equations are given by Eqs. Next, it is assumed that the strain rateĖ is constant over the time increment (t n , t n+1 ). ThenĖ = 1 t E and Eqs. (59) and (60) become
and
The integrals in the above equations can be evaluated analytically to yield
Summarizing, we note that the algorithm consists of Eqs. (57) in which D n+1 , T i n+1 and H n+1 are evaluated using Eqs. (56), (63) and (64), respectively.
It can be shown easily that the corresponding "linearization moduli" of the algorithm outlined above are
All quantities in Eqs. (66) and (67) are evaluated at the end of the increment, i.e., at t = t n+1 . The above integration scheme is implemented in ABAQUS. The finite element results in uniaxial tension at strain rate 3.7 min −1 = 6.2 × 10 −2 s −1 are shown in Fig. 12 along with the corresponding analytical results discussed in Section 3.2. The material model was the calibrated one with the data of Özüpek and Becker (1992) as discussed in Section 4. The corresponding relaxation times for initial porosity D 0 = 0.1 were τ = 0.305 s for the matrix material; τ 1 = τ , τ 2 = 0.320 s, τ 3 = 0.510 s for the porous-material deviatoric response; and τ g = 1.000 s for the porousmaterial hydrostatic response. Clearly for time step that compares to the relaxation times, the finite element results are identical to the analytical result.
Concluding discussion
A constitutive law has been proposed for the response of a porous viscoelastic solid under 3-D triaxial stress states. The elastic response of the pure matrix material was linear and isotropic and the viscous response purely deviatoric. The law was derived from the axisymmetric stressing of a unit spherical cell by using the constitutive potential approach of Hill (1967) in the corresponding problem of linear viscoelasticity. It is phrased in terms of hereditary integrals in which the relaxation and viscous moduli are functions of porosity. Implementation of the constitutive law in a general purpose finite element code along with a porosity evolution scheme is straightforward.
The model was calibrated through the shear relaxation test and used to predict the uniaxial tension response at constant applied strain rate of a solid propellant whose damage during straining was simulated by the presence of changing porosity. In agreement with experimental evidence, the numerical calculations indicate no strain rate dependence of the dilatation of the porous material. This has been attributed to the fact that at a given porosity level the viscous dilatation is a nonlinearly increasing function of the hydrostatic stress at fixed strain rate and nonlinearly decreasing function of strain rate at fixed hydrostatic stress. For the behavior under cycling loading, the model reproduces the loading response observed in the experiments of Özüpek and Becker (1997) , but it does not capture the nonlinear features of the response upon unloading. The conclusion here is that nonlinear unloading response cannot be simulated successfully through a mechanism of damage that only involves the closing of porosity.
As is well known, the response of a real-world viscoelastic solid is best described by a series of relaxation time constants in the form of hereditary integrals. One could definitely consider such a law for the constitution of the matrix material instead of the differential form of Eq. (1) to derive the constitutive potential described by Eq. (23). However, while the parameters A and B in the present approach that led to Eq. (25) can be obtained analytically from Eqs. (29) and (30), no such analytical representation could be found easily for a matrix material with a hereditary rule. Of course, one could proceed and evaluate the potential numerically for the case of a matrix with a hereditary constitutive law, but this may not offer any advantages over the present relatively simple approach of Eq. (25) when used in connection with the calibration discussed in Section 4.
For the case of a rigid particle instead of a void embedded in a viscoelastic matrix, one could repeat the analysis presented in this paper and come up with a corresponding constitutive law for the particle/reinforced viscoelastic composite material. Such a result is of interest in calculating the decohesion energy at the interface of a particle embedded in the homogenized matrix material.
Lastly, it should be noted that if the response of a porous viscoelastic medium is to be found for strains that involve large geometry changes, one needs to proceed with a large strain formulation of the entire problem. The analysis of nonlinear viscous matrix behavior under large geometry changes is the subject of a subsequent publication.
